ALTERNATE COMPACTIFICATIONS OF THE MODULI SPACE 

OF GENUS ONE MAPS 

MICHAEL VISCARDI 

Abstract. We extend the definition of an m-stable curve introduced by Smyth 
p^ to the setting of maps to a projective variety X, generahzing the definition of a 

^.^ Kontsevich stable map in genus one. We prove that the moduh problem of n-pointed 

Jrt^ TTi-stable genus one maps of class /3 is representable by a proper Deligne-Mumford 

^ stack Ai^ ^{X,f3) over SpecZ[l/6]. For X = P*", we explicitly describe all of the 
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irreducible components of Mi,n{P^,d) and A^^ „(P'',d), and in particular deduce 

that Ai^ ni^^^ ^) is irreducible for m > min(r, d) + n. We show that Ai^ n{P^ , d) is 
smooth if rf + n < TO < 5. 
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2 michael viscardi 

1. Introduction 

1.1. Background. Let Aig^n be the moduli stack of smooth, genus g, n-pointed 
curves over an algebraically closed field k. In |DMj . Deligne and Mumford compacti- 
fied this space by introducing the notion of a stable curve: 

Definition 1.1. Let C be a reduced, connected, proper curve of arithmetic genus g, 
and let pi, . . . ,p„ G C be smooth, distinct points. Then {C,pi, . . . ,p„) is said to be 
stable if the following conditions hold: 

(1) C has only nodes as singularities. 

(2) C has no non-trivial infinitesimal automorphisms identical on pi, . . . ,Pn- 

Deligne and Mumford proved that the stack Aig^n of stable curves, in addition to 
being proper, is irreducible and smooth over Spec Z. 

Motivated by predictions from mirror symmetry on the enumerative geometry of 
rational curves, Kontsevich extended the definition of a stable curve to the setting of 
maps into a scheme X. Kontsevich introduced the notion of a stable map |Ko] : 



Definition 1.2. Let C be a reduced, connected, proper curve of arithmetic genus g, 
and let pi, . . . ,p„ G C be smooth, distinct points. A map /x : C — )■ X is said to be 
stable if the following conditions hold: 

(1) C has only nodes as singularities. 

(2) /i has no non-trivial infinitesimal automorphisms identical on pi, ... ,pn and 
X. 

For simplicity, we assume that k = C whenever discussing stable maps in the 



remainder of the introduction; see Section |2.2| for the setup in general. For any 
homology class (3 G H2{X,Z), let 

MgAX,(3) 

be the stack of stable maps fi : C ^ X from curves of arithmetic genus g with n 
marked points to X such that yU*([C]) = (3. For X projective, Aig^X, 13) is a proper 
Deligne-Mumford stack of finite type. For g = and X a smooth convex variety (a 
class of varieties which includes all homogeneous spaces), A4oAX,(3) is irreducible 
and smooth. However, in general Aig^X, P) is not well-behaved: even when X is 
projective space, Aig^X, f3) can have multiple singular irreducible components of 
varying dimensions ii g > 0. 

Recent work of Hassett and others on the minimal model program for Aig^n has 
led to interest in alternate compactifications of Aig^n- One goal of this program is to 
describe the log canonical models of A^g,n, defined by 

Mg,nia) := Proj ®m>oH\Mg,n, m{Kj^^^ + a5)), 

where 5 is the boundary divisor on Aig^n and < a < 1 is rational. A remarkable 
feature of these spaces is that they are often modular: that is, they coarsely repre- 
sent functors defined by moduh problems. For instance, Mg^i^/ll) is isomorphic 
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to -Mgfi, the space of pseudo-stable curves constructed by Schubert via geometric 
invariant theory |Scht IHH] . In the case g = I, Smyth has constructed a series of com- 
pactifications A^i_„(?t2) of A^i,„ for every integer m > 1 using a generahzed notion of 
stabihty [SlJ: 

Definition 1.3. Let C be a reduced, connected, proper curve of arithmetic genus 
one, and let pi, . . . ,p„ G C be smooth, distinct points. Then (C, pi, . . . ,p„) is said to 
be m-stable if the following conditions hold: 

(1) C has only nodes and elliptic /-fold points, / < m, as singularities (see Defini- 
tion 



1.7 below). 



(2) For any connected subcurve E C C oi arithmetic genus one. 



\{EnC\E}U{pi:pieE}\ >m. 
(3) C has no non-trivial infinitesimal automorphisms identical on pi, ... ,pn. 
The spaces A^i,n(m) are proper, irreducible, Deligne-Mumford stacks over Spec Z[l/6] 



(see Remark 2.11 for an explanation of the restriction char/c ^ 2,3). After further 
allowing the marked points pi to collide suitably |SH lH]. Smyth has shown that every 
log canonical model Aii^n{c() is isomorphic to the normalization of the coarse moduli 
space of one of the above compactifications [52] . 

1.2. Statement of the main results. It is natural to consider analogues of the 
above alternate compactifications in the setting of maps to a projective variety X. 
For any homology class (3 G H2(X,Z), let A^i,„(X, /3) be the stack of maps from 
smooth curves of genus one with n marked points to X such that fi^{[C]) = (3. In 
this paper, we construct a series of alternate compactifications of A^i_„(X, /3) by 
introducing the notion of an m-stable map: 

Definition 1.4. Let C be a reduced, connected, proper curve of arithmetic genus 
one, and let pi, . . . ,p„ G C be smooth, distinct points. A map /i : C — ;■ X is said to 
be m-stable if the following conditions hold: 

(1) C has only nodes and elliptic /-fold points, I < m, as singularities. 

(2) For any connected subcurve E G C oi arithmetic genus one on which fi is 
constant. 



\{EnC\E}U{pi:p,eE}\>m. 

(3) fi has no non-trivial infinitesimal automorphisms identical on pi, . . . ,p„ and 
X. 

The definition of an m-stable map of class /3 extends to a moduli functor in the 



usual way, and the main result of Part I of this paper (Theorem 3.1) is: 



Theorem 1.5. The functor of m-stable maps of class /3 is representable by a proper 
Deligne-Mumford stack Ai-^^^{X, f3) of finite type. 
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In fact, we prove this over any algebraically closed field k with charfc 7^ 2,3, 
but need an additional condition in the definition of m-stability (condition (4) in 



Definition 2.15); the same issue arises with Kontsevich's spaces of stable maps for 



char/c > 0. The proof of Theorem 3.1 is fairly standard except for the valuative 
criterion for properness, which we show using a modification of the method in |Slj . 
Given a 1-parameter family of m-stable curves with smooth generic fiber, Smyth 
considers the semi-stable reduction of the family, then performs a prescribed sequence 
of blow-ups and contractions on the central fiber until it eventually becomes m-stable. 
In order to apply an analogue of semi-stable reduction in our setting, we must first 
reduce to the case of families with smooth domain in the generic fiber; this extra step 
is necessary because Ai^ ni-^y /^) is reducible in general. This step is also slightly more 
subtle than in the Kontsevich-stable case (as carried out in, e.g., |FP] ) since it is less 
clear how to normalize families of curves with elliptic m-fold points. We then apply 
Smyth's sequence of blow-ups and contractions on the domain of the central fiber; 
however, since we cannot contract any component on which the map is non-constant, 
we potentially have to terminate the process earlier than in jSl] . 

In Part II, we study the irreducible components and smoothness of Ai^^^X, (3) 
in the case X = P''. As mentioned above, A^i^„(X, /3) can have multiple irreducible 
components even for X = P*" and (3 = d[lme] (abbreviated P = d). In the case 
(X, /3) = {F^,d), these can be divided into a principal component whose generic 
element is a map with smooth domain (this locus is reducible in general for ^f > 1) 
and a number of "extra" components. In Section |5} we show that the spaces of m- 
stable maps gradually "cut away" the extra components of A^i_„(P'', d) as m increases, 
and eventually become irreducible: 

Theorem 1.6. Form > min(r, c?) +n, A^]^„(P^,(i) is irreducible. 

We actually obtain a much more precise result: we give explicit descriptions of all 
of the irreducible components of the spaces A^i^„(P^', d) and A^^^ ni^^^ d.) in Theorem 
5.9[ The main result which makes this possible is an explicit description of the 



principal component of A^^„(P^,(i). Note that such a description was stated in the 
case of genus one Kontsevich-stable maps in |VZ1] . 

Given that A^^ n(^^5 d) is irreducible for m > min(r, d) + n, we naturally ask if it 
is smooth. In most cases the answer is no, but in Section [6] we show that the answer 
is yes ii d + n < m < 5. In order to describe this in more detail, we first go back and 
give the definition of an elliptic m-fold point introduced by Smyth: 

Definition 1.7. We say that p is an elliptic m-fold point of a curve C if 

k[[x,y]]/{y'^ — x^) m = 1 (ordinary cusp) 

k[[x,y]]/{y'^ — x'^y) m = 2 (ordinary tacnode) 

k[[x, y\]/{x'^y — xy"^) m = 3 (planar triple point) 

^A;[[xi, . . . , Xm-i]]/Im m > A, {m general lines through the origin in A"^^^), 

XhXi — XhXj : i, j, /i G {1, . . . ,m — 1} distinct). 



C, 



C,p 
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We will need a result on the deformation theory of the elliptic m-fold point proved 
by Smyth in |S2j : namely, that deformations of the elliptic ?7i-fold point are unob- 
structed if and only if m < 5. The local structure of A^i,n("^) at a point [C] is gov- 
erned by the miniversal deformation space of C, and the conclusion is that A^i,n(^^) 
is smooth if and only if m < 5. In the setting of m-stable maps, the key fact is that 
for rra > (i + ra, an m-stable map cannot be constant on any genus one subcurve of 



the domain (Lemma 4.1). A simple cohomological argument then gives that deforma- 



tions of m-stable maps to P^' are trivially unobstructed for m < 5, and the conclusion 



(Theorem 6.3) is: 



■jm 



Theorem 1.8. The stack M.^ „(IP^ ? d) is smooth if d + n < m < 5. 

Of course, these are rather restrictive conditions for smoothness. However, we 
note that Smyth has proven in [S2j that the normalizations of the coarse moduli 
spaces of n-pointed m-stable curves are projective and Q-factorial, and is therefore 
able to carry out intersection theory with Q-coefiicients on these normalized coarse 
moduli spaces. We expect to prove analogous results for our spaces in future work. 

1.3. Outline of the paper. In Section |2] we summarize some necessary facts from 
[Slj and reformulate the condition that a map have no non-trivial infinitesimal auto- 
morphisms in terms of distinguished points on irreducible components of the domain 
curve. We then define ?7i-stable maps of class /3 over any algebraically closed field k 
with char A; 7^ 2, 3. In Section 3 we prove that the space of m-stable maps A^^ ^^(X, j3) 
is a Deligne-Mumford stack and prove the valuative criterion for properness. After 
this point in the paper, we only consider the case {X,(3) = (W^,d). In Section 111 we 
observe that A^^ n(^^^ d) stabilizes for m > d + n. In Section 5 we explicitly describe 
the irreducible components of A1i,n(IP^, d) and ^Al „(P^, d), and obtain as a corollary 
that M.i,^{X, j3) is irreducible for m > min(r, d) + n. In Section 6 we prove that the 
limiting space Ai^ „ (P*", d) is smooth ii d + n < 5. Finally, in Section 7 we illustrate 
our results in the example of spaces of plane cubics J^iQ(f''^,3). The Kontsevich 
space is well- understood in this example, and we give a concrete description of how 
this space "evolves" as m increases. 

1.4. Future directions and related work. 

1.4.1. Higher genera. As described in the introduction to |Slj . the construction of 
■Mi,n{^ does not directly extend to higher genera. See [S3] for an approach in all 
genera which allows a much wider array of singularities. We simply note here that 
in the case m = 1, the space A^g„(X, /3) with (3^0 should exist in all genera 
including g = 2: the example causing non-separatedness in the case of curves is no 
longer an issue because the map must be non-constant on at least one of the genus 
one subcurves. It would be interesting to see if the resulting Gromov-Witten theory 
yields new information (see the next remark). 
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1.4.2. Intersection theory and enumerative geometry. In future work, we expect to 
show that the space J^^ n(^5 P) always carries a virtual fundamental class. We expect 
that the resulting primary Gromov-Witten invariants will agree with the classical 
ones, but that the gravitational descendants will yield new information (i.e. will not 
be expressible in terms of the classical Gromov-Witten invariants of X). 

1.4.3. Projectivity of the coarse moduli space. It is known that the coarse moduli 
spaces of ?7i-stable curves are projective |S2j . By general theory, the coarse moduli 
spaces of m-stable maps exist as proper algebraic spaces jX]. In future work, we 
expect to be able to use the methods of |FPj and |Klj to show projectivity of these 
spaces. 

1.4.4. Other compactifications of Aig^n{X, /3). Recently there have been a remarkable 
number of new compactifications of A^g,„(X, /3). We outline five of these construc- 
tions here and compare them, in rather rough terms, to the one given in this paper. 
All of the constructions below exist as proper Deligne-Mumford stacks. 

(1) Weighted stable maps: A4g^^(X, /3) (Alexeev and Guy |AGj /Bayer and Manin 
(^M]/Mustata and Mustata [MM]): 

These papers extend Hassett's weighted stability condition [H] to the setting of 
maps. It is certainly possible to merge these results with ours to obtain spaces 
J^i j^^{X, (3) of weighted m-stable maps. Given the results of [S2], we expect the nor- 
malized principal components of the corresponding coarse moduli spaces to be log 
canonical models of the principal component of M.i^n{X, P). 

(2) Desingularization of the principal component o/ A^i „(P'', c?).- M.\^{¥'^^d) (Vakil 
andZinger |VZI1|VZ2]): 

These papers give an explicit desingularization of the principal component of 
■M-i^ni^"^ , d) ■ This is achieved through a sequence of blow-ups along the intersection 
of the principal component and collections of the remaining irreducible components, 
and has the same effect as our spaces of cutting away irreducible components. Given 
the results of [S2], we expect that our construction is instead achieved by a sequence 
of birational contractions along the same intersections. The spaces }Ai^n{^^ id) are 
not known to have modular interpretations, although they have many of the proper- 
ties needed for applications to Gromov-Witten theory. 

(3) Stable ramified maps: ^Ag^n,^l{.X, (3) (Kim, Kresch, and Oh |KKQj ): 

This paper considers a space of maps from smooth curves to X with prescribed 
ramification indices at the marked points. As the marked points approach one an- 
other, the map degenerates to a map from a nodal curve to a fiber of the "universal 
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family" over a Fulton-MacPherson configuration space of distinct ordered points on 
X. It does not seem to be known how to relate this to the other compactifications. 

(4) Logarithmic stable maps: Mg,^{U/B) (Kim pG]): 

This paper defines stable maps in the setting of logarithmic geometry. We simply 
point out one byproduct: the construction of a smooth modular compactification of 
■M.i,n{^'' id). One notable feature of this stack is that only parametrizes (log) maps 
which are non-constant on any genus one subcurve of the domain. It is not known 
how this space relates to Vakil and Zinger's desingularization. 

(5) Stable quotients: Q^(P'",(i) (Marian, Oprea, and Pandharipande |MOPj ): 

This paper defines a space of stable quotients of a rank n trivial sheaf on stable 
curves. One byproduct is the construction of a smooth modular compactification of 
A^i_o(P^, d). It may be interesting to relate this to our spaces and Kim's spaces. 

1.5. Notation. All curves and varieties are defined over an algebraically closed field 
k. A curve is a reduced connected one-dimensional scheme of finite type over k. The 
genus of a curve is always its arithmetic genus. An n-pointed curve is a curve C 
together with n distinct smooth ordered points pi, . . . ,p„ G C. A curve is Gorenstein 
if its dualizing sheaf is invertible. A projective variety X is always equipped with 
a given very ample line bundle Ox{^)- A map, unless otherwise noted, is a regular 
morphism of varieties or schemes. For any irreducible component F of a pointed 
curve {C,pi, . . . ,Pn), we say that a point on F is distinguished if it is either a singular 
or marked point of C, i.e. the set of distinguished points of F is 



{FnC\F}u{pr■P^eF}. 

A always denotes an open disc when k = C, or Spec(A) with A a discrete valuation 
ring with residue field k in general; and rj denote the closed and generic points of 
A. 

Acknowledgments. I would like to thank my adviser. Prof. Joe Harris, for his 
invaluable support, guidance, discussions, and humor throughout the course of this 
work, and David Smyth and Frederick van der Wyck for many helpful discussions. 
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Part I. Moduli spaces of m-stable maps 

2. Preliminaries 



In Section 2.1, we summarize some facts from ISII that we will need. In Section 



2.2[ we reformulate the condition that a map have no non-trivial infinitesimal au- 



tomorphisms in terms of distinguished points (Lemma 2.14), define m-stable maps 
(Definition 2.15), and define m-stable maps of class P (Definition 2.18). 

2.1. m-stable curves. 

2.1.1. Elliptic m-fold points. In |S1] . Smyth introduced the following sequence of 
curve singularities: 

Definition 2.1. We say that p is an elliptic m-fold point of a curve C if 

k[[x,y]]/{y'^ — x^) m = 1 (ordinary cusp) 

k[[x, y]]/{y'^ — x^y) m = 2 (ordinary tacnode) 

k[[x,y]]/{x'^y — xy"^) m = 3 (planar triple point) 

^ /i;[[xi, . . . , Xm~i]]/Im m > 4, {m general lines through the origin in A"*"^), 

Im '■= {xhXi — XhXj : i,j,h E {I, . . . ,m — 1} distinct). 

A key fact about these singularities is that they are Gorenstein; that is, any curve 
containing only these singularities has invertible dualizing sheaf. More specifically, 
we have the following result: 



C, 



C,p 



Lemma 2.2 (|S1]. Proposition 2.5). Let C be a curve with an elliptic m-fold point 
p E C, and let C ^ C be the normalization of C at p. Then 

(1) uc is invertible nearp, i.e. the elliptic m-fold point is Gorenstein. 

(2) 7C*Uc = UJcC^Pl + ... + 2pm). 

A second local property of these singularities which we will need is that they are 
smoothable: 

Lemma 2.3 (|S1]. proof of Proposition 2.11). The elliptic m-fold point is smoothable. 

Elliptic m-fold points arise in the framework of birational geometry. The next 
lemma states that given any 1-parameter family of genus g curves with smooth generic 
fiber, contraction of a genus one subcurve of the central fiber via a suitable line bundle 
yields an elliptic m-fold point in the central fiber: 

Lemma 2.4 (|S1]. Lemma 2.12, Gorenstein case). Let vr : C — )■ A be a flat family of 
Gorenstein curves of genus g with central fiber C and smooth generic fiber. Let C be 
a line bundle on C with positive degree on the generic fiber and non-negative degree 
on each component of the special fiber. Assume that 

(1) E := {Irreducible components E G C : deg C\f = 0} is connected of arith- 
metic genus one, 
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(2) C\e = Oe, 

(3) Each point p E E n C\E is a node of C, 

(4) Each point p & E (1 C\E is a regular point of C. 
Then C is n-semiample and defines a contraction (p 

c 




A 
where is proper and hirational with exceptional locus E . Furthermore, if C is of the 
form 

with D a Cartier divisor supported on E and S a Cartier divisor disjoint from E, 
then p := (f){E) is an elliptic m-fold point with 



m= \EnC\E\. 



2.1.2. Genus one curves. We now turn our attention to global aspects of the geometry 
of genus one curves. We will constantly use the following fact about the topology of 
a Gorenstein curve of arithmetic genus one: 

Lemma 2.5 (|S1]. Lemma 3.1). Let C be a Gorenstein curve of arithmetic genus 
one. Then C contains a unique subcurve Z (Z C satisfying 

(1) Z is connected, 

(2) Z has arithmetic genus one, 

(3) Z has no disconnecting nodes. 

We call Z the minimal elliptic subcurve of C. We write 

C = ZURiU ...URk, 



where Ri, . . . , R^ are the connected components ofC\Z, and call this the fundamental 
decomposition of C. Each Ri is a nodal curve of arithmetic genus zero meeting Z in 
a single point, and Z n Ri is a node of C . 

We can also classify all possible minimal elliptic subcurves appearing in Lemma 



Lemma 2.6 (|Slj. Lemma 3.3). Let Z be a Gorenstein curve of arithmetic genus one 
with no disconnecting nodes. Then Z is one of the following: 

(1) A smooth elliptic curve, 

(2) An irreducible rational nodal curve, 

(3) A ring of F^ 's, or 

(4) Z has an elliptic m-fold point p and the normalization of Z at p consists of 
m distinct, smooth rational curves. 
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Moreover, in all four cases, Uz — Oz- 

Lemmas 2.3| 2.5 and 2^ give the following fact which will be useful in Section 

EU 

Lemma 2.7. Any Gorenstein curve of arithmetic genus one is smoothahle. 

The following lemma will allow us to phrase the condition of r/i-stability without 
making reference to the minimal elliptic subcurve: 

Lemma 2.8 ([SI], Corollary 3.6). Let {C,pi,. . . ,Pn) be a pointed Gorenstein curve 
of arithmetic genus one, and suppose that every smooth rational component of C has 
at least two distinguished points. Let Z G C be the minimal elliptic subcurve. Then 



\{ZnC\Z}U{pi:pieZ}\>m. 

if and only if 

\{E r]C\E} U {pi : p, e E}\ >m 
for every connected arithmetic genus one subcurve E G C . 

Finally, the following definition will be convenient in the proof of the valuative 
criterion for properness: 

Definition 2.9 (|S1]. Definition 3.4). Let {C,pi, . . . ,pn) be a pointed Gorenstein 
curve of arithmetic genus one, and let Z G C be the minimal elliptic subcurve. Then 
the level of {C,pi, . . . ,p„) is defined to be the number of distinguished points of Z, 
i.e. 

\{znc\z}u{pr.p^ez}\. 

2.1.3. Infinitesimal automorphisms. By definition, an infinitesimal automorphism of 
a pointed curve (C, pi, . . . ,p„) is an element of the tangent space T^dj Aut(C,pi, . . . ,p„). 

Lemma 2.10. Assume charfc 7^ 2,3. Let (C,pi, . . . ,p„) be a pointed Gorenstein 
genus one curve. Then 

InfAut(C,pi,...,p„) = 
if and only if the following conditions hold: 

(1) // C is nodal, then every rational component of C has at least three distin- 
guished points. 

(2) If C has a (unique) elliptic m-fold point p, and Bi, . . . , B^ are the irreducible 
components of the minimal elliptic subcurve Z G C , then 

(a) Each Bi has at least 2 distinguished points. 

(b) Some Bi has at least 3 distinguished points. 

(c) Every other component of C has at least 3 distinguished points. 

Proof. This is Corollary 2.4 in [Slj (in the case that C is Gorenstein) combined with 
the well-known isomorphism 

InfAut(C,pi, . . . ,p„) ^ H\Tc{-pi - . . . -p.))- 

D 
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Remark 2.11. The proof of Lemma 2.10 relies on the assumption that regular vector 



fields on C are always induced by regular vector fields on the normalization C. This 
assumption is true in characteristic 0, but not necessarily in positive characteristic; 
see Section 2.1 of [Si] for an example. 

We can now give the definition of an m-stable curve. For simplicity, we do not 
incorporate the weighted variant defined in |Slj in this paper (but as noted in the 
introduction, Hassett's weighted stability condition has been extended to the setting 
of maps) . 

Definition 2.12. Assume char/c 7^ 2,3. Fix any integers {) < m < n. A pointed 
genus one curve (C, pi, . . . ,p„) is said to be m-stahle if the following conditions hold: 

(1) C has only nodes and elliptic /-fold points, Z < m, as singularities. 

(2) The number of distinguished points on the minimal elliptic subcurve Z (Z C 
is strictly greater than m. Equivalently, by Lemma 2.8[ 



\{Er}C\E}U{pi:p,eE}\ >m 

for any connected subcurve E G C oi arithmetic genus one. 
(3) C has no non-trivial infinitesimal automorphisms identical onpi, . . . , pn- Equiv- 



alently, by Lemma 2.10 



(a) If C is nodal, then every rational component of C has at least three 
distinguished points. 

(b) If C has a (unique) elliptic m-fold point p, and -Bi, . . . ,-Bm are the irre- 
ducible components of the minimal elliptic subcurve Z G C, then 

(bl) Each Bi has at least 2 distinguished points. 
(b2) Some B^ has at least 3 distinguished points. 
(b3) Every other component of C has at least 3 distinguished points. 

Remark 2.13. For m = 0, this is the classical definition of a Deligne-Mumford stable 
genus one curve. The construction of the space of m-stable curves in iSl] is given for 
m > 1 since it uses classical semi-stable reduction (i.e. properness of A^i,n)- 

2.2. ?7i-stable maps. Let {C,pi, . . . ,p„) be a pointed curve, and let /x : C — > X be 
a map to a projective variety X. An automorphism of /i is an automorphism of 
C such that 4>{pi) = Pi and /i o = /i. We denote the group of automorphisms of fj, 
by Aut(C,pi, . . . ,Pn,f^) or simply Aut(/i). An infinitesimal automorphism of n is an 
element of the tangent space Tpdj Aut(/i). We denote the vector space of infinitesimal 
automorphisms of /i by InfAut(C, pi, . . . ,p„,/i) or InfAut(/i). 

We want to translate the condition InfAut(/i) = into a condition on distin- 
guished points on the domain curve. We first adopt the following condition to ensure 
separability of fi, well-known from |BM] : if charfc > 0, we say that fi is bounded by 
the characteristic if 

deg/i*(Ox(l)) < char/c. 
If char/c = 0, we say that every map /x : C — )■ X is bounded by the characteristic. 
Note that every map bounded by the characteristic is separable. 
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Lemma 2.14. Assume char A; 7^ 2,3. Let {C,pi, . . . ,pn) be a pointed Gorenstein 
genus one curve, and let fi : C ^ X be a map to a projective variety X . Assume that 
/i is bounded by the characteristic. Then 

InfAut(C,pi, ...,pn,fi)=0 

if and only if the following conditions hold: 

(1) If C is nodal, then every rational component of C on which fi is constant has 
at least three distinguished points. 

(2) // C has a (unique) elliptic m-fold point p, and Bi, . . . , Bm are the irreducible 
components of the minimal elliptic suhcurve Z G C, then 

(a) If fi is constant on B^, then Bi has at least 2 distinguished points. 

(b) ///i is constant on Z , then some Bi has at least 3 distinguished points. 

(c) Every other component of C on which fi is constant has at least 3 distin- 
guished points. 

Proof. If C is nodal, it classically known that InfAut(/i) = if and only if (1) holds. 
Suppose (2) holds. We may assume without loss of generality that X = F^. Since 
/i is separable, we can choose hyperplanes Hi,H2 C P'^ which intersect the map /i 
transversely at unmarked smooth points, i.e. the divisors fi* (Hi) , fi* {H2) consist of 
reduced unmarked smooth points on C. Write fi*{IIj) = J2lj,k, 1 < k < d, where d 
is the degree of fi. Then the pointed curve 

(C, {pi, qj,,}) 



satisfies the conditions of Lemma 2.10, so InfAut(C, {pj, g^^fc}) = 0. Any automor- 
phism of (C, {pi}) which commutes with /i must be the identity on ^*{IIj) = ^ qj^k, 
so we have an injection 

Aut(/i) ^ Aut(C, {pi, qj,k}), 
hence an injection 

InfAut(/i) --^ InfAut(C, {pi, g^-^^}), 

so InfAut(/i) = 0. 

Suppose InfAut(/i) =0. 2(c) is clear since any such component intersects the rest 
of the curve nodally. We now directly construct automorphisms of Z to establish 
conditions 2(a) and 2(b). 

If 2(a) does not hold, then /i is constant on some Bi with no distinguished points 
other than p. Given (pj G Aut{Bj) for every j which are the identity at p and 
which agree to order 2 at p, it is clear that the (pj glue together to an automorphism 
e Aut(Z). There is a non-trivial 1-parameter family of (pi G Aut(i?j) equal to the 
identity to order 2 at p (i.e. preserving the subscheme 2p). Gluing this family with 
id G Aut{Bj) for all j y^ i yields a 1-parameter family of non-trivial automorphisms 
of Z (hence of C). These automorphisms commute with fi, so we conclude that 
InfAut(/i) 7^ 0. 

Similarly, if 2(b) does not hold, then fi is constant on Z and each Bi has at most 
one distinguished point qi other than the elliptic m-fold point p. For each i, choose 
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an isomorphism Bi = P^ so that g^ = oo; then multiphcation by any non-zero A G C 
gives a 1-parameter family of automorphisms of Z which commute with /i, so again 
InfAut(/i) y^O. D 

We can now give the definition of an ?n-stable map: 

Definition 2.15. Assume char/c 7^ 2,3. Fix any integers m > and n > 0. Let 

{C,pi, . . . ,pn) be a pointed genus one curve, and let /i : C — )■ X be a map to a 
projective variety X. Then (C,pi, . . . ,pn,fi), or simply /i, is said to be m-stahle if 
the following conditions hold: 

(1) C has only nodes and elliptic /-fold points, / < m, as singularities. 

(2) If /i is constant on the minimal elliptic subcurve Z C C, then 



\{z n C\Z} U {pi : Pi e Z}\ > m. 
Equivalently, by Lemma 2.8[ 



\{EnC\E}U{pi■.p^eE}\ >m 

for any connected arithmetic genus one subcurve E d C on which /x is con- 
stant. 
(3) /i has no non-trivial infinitesimal automorphisms identical on pi, . . . ,p„ and 



X. Equivalently, by Lemma 2.14 and condition (4), 

(a) If C is nodal, then every rational component of C on which /x is constant 
has at least three distinguished points. 

(b) If C has a (unique) elliptic m-fold point p, and Bi, . . . , Bm are the irre- 
ducible components of the minimal elliptic subcurve Z G C, then 

(bl) If n is constant on Bi, then Bi has at least 2 distinguished points. 
(b2) If fi is constant on Z, then some Bi has at least 3 distinguished 

points. 
(b3) Every other component of C on which /i is constant has at least 3 

distinguished points. 
(4) /i is bounded by the characteristic. 

Remark 2.16. Unlike m-stability for curves, we do not need m < n here since 
condition (2) automatically holds whenever /i is non-constant on the minimal elliptic 
subcurve Z C C. 

Remark 2.17. For 771 = 0, this is the definition of a stable map given by Kontsevich. 
For X a point, this is the definition of an ?Ti-stable curve given by Smyth. In parallel 



with Remark 2.13, we construct the space of ?7i-stable maps for ?7i > 1 since our proof 



uses properness of the Kontsevich space. 

We now define m-stable maps of class /3. If A; = C, then we take any non-zero 
(3 G H2{X, Z), and say that a map /i : C ^ X is oi class /3 if /i^,([C]) = /9. In general. 
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we require a slight modification of tliis setup, well-known from |BMj . We define: 

H^iX) = Hom^(Pic(X),Z) 

H2{X)+ = {/3 G H2{X) : /3(L) > for any ample line bundle L}. 

Define ^l*{[C]) e H2{X) to be the map L h^ deg /i*(L); obviously fi*{[C]) e H2{Xy. 
For instance, if yu : C — t- P^ is a map of degree d, then fi^,{[C]) is the map Z — )■ Z 
given by multiplication by d; in this case we write /3 = d. We now take any non-zero 
f3 e H2{X)~^, and say that a map /i : C — )■ X is of class (3 if /x^,([C]) = (3. 

Definition 2.18. Let (C,pi, . . . ,p„) be a pointed genus one curve over an alge- 
braically closed field k, and let /i : C — )■ X be a map to a projective variety X. Fix 
any non-zero /3 G -?/2(X)+. Then /i is said to be an m-stable map of class f3 (or an 
m-stable map to {X, /3)) if /i is an m-stable map and fi is of class /3. 

3. Construction of M^ni^^P) 



In Section 3.1 we define the moduli problem of ?7i-stable maps and show that it 



is representable by a Deligne-Mumford stack. We prove the valuative criterion for 



properness in Section 3.2 



3.1. Definition of the moduli problem. Let m > 1. Fix a projective variety X 
and a non-zero /3 G H2{X)^. For any scheme S, we define an m-stable n-pointed map 
to X of class (3 over 5* to be a fiat, proper family of genus one curves tt : C — )■ 5 
with n sections ai, . . . , cr„, together with a map /i : C — )■ X such that the restriction 
of (C, {(Tj},yu) to each geometric fiber is an m-stable n-pointed map to X of class 
(3. A morphism between two m-stable maps (C — ?■ S, {o'i},fic '■ C — ?■ X) and {T> — t- 
T, {tj}, /ix) : "P — )■ X) is a Cartesian square 

/ 




such that /(cTj) = Tj and fJ^c = l^v° f ■ This defines a category of m-stable maps to X 
of class /3, denoted 

Ml^X.P), 

which is fibered in groupoids over the category of fc-schemes. By Lemma 3^, our 
moduli problem admits a canonical polarization 

(C ^ S, {a,}, /i : C ^ X) ^^ Wc/s(c^i + • • • + (x„) ® /i*Cx(3) 

and therefore satisfies descent over (Sch/fc) endowed with the fppf-topology, i.e. 
A4j^„(X, /3) is a stack. 

The main result of Part I of this paper is: 

Theorem 3.1. M.-^^{X, [3) is a proper Deligne-Mumford stack of finite type over 
SpecZ[l/6]. 
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Before proving Theorem 3.1 , we verify a lemma (analogous to Lemma 4.2 in |BM] ) 
that will allow us to reduce certain statements about families of ?7i-stable maps to the 
corresponding statements about families of m-stable curves. Specifically, we will use 
it to derive deformation-openness of m-stable maps (Lemma 3.5) and the uniqueness 



portion of the valuative criterion for properness of A^j^„(X, /3) (Section 3.2.3) from 
the corresponding results in [ST] . 



Lemma 3.2. Assume char k ^ 2,3. Let (C, {crj},/ic) and (P, {rj},yUx') be families of 
n-pointed m-stable maps to X over a base k-scheme S, and let x G S{k) be a geometric 
point of S. Then there exists an etale neighborhood S' ^- S of x and disjoint unmarked 
smooth sections {(Tj^k} on C Xg S' and {t,-,^} on V Xg S' , I < j < m + 1, 1 < k < d, 
such that {C Xs S', {(Ti, <Jj^k}) and (T> Xs S', {tj, Tj^k}) are m-stable {n + d{m + 1))- 
pointed curves over S' . 

Proof. Assume without loss of generality that fic*{[C]) = fiv*{['D]) =: (3. Choosing 
an embedding t : X ■— > P^ and letting d = t*{f3), we reduce to the case X = P** and 
(3 = d. Since /ic and /i© are separable, there exists an etale neighborhood S" — )■ S' of x 
and hyperplanes Hi, ... , Hm+i in P'' which intersect the maps fie and /id transversely 
at unmarked smooth points, i.e. for each 1 < j < m + 1, the divisors ^q{Hj) and 
li^{Hj) consist of disjoint unmarked smooth sections over S'. Write ji^^Hj) = "^(Jj^k 



and jj,^{Hj) = ^ Tj^^, 1 < k < d. Then by Lemmas 2.10 and 2.14 

(C Xs S',{ai,aj^k}) 
and 

{VXsS',{Ti,Tj^k}) 

are m-stable [n + d{m + l))-pointed curves. 



D 



We now proceed to the proof of Theorem 3.1 We show properness in Section 3.2 



We show that our moduli problem is canonically polarized, bounded, and deformation- 



open in Lemmas |3.3[ |3.4[ and |3.5| respectively. The rest of the argument is standard 
and given below. 



Proof. By Theorem 4.21 in |DMj . it suffices to show that for every fc-scheme 5* with 
char fc 7^ 2,3, the functor Isoni g is representable by a quasi-compact scheme of finite 
type and unramified over S, and that Ai^ ni-^f P) admits a smooth atlas of finite type. 
Let X = (C, {(Ti}, fie) and y = (V, {tj}, /ix)) be m-stable n-pointed maps to X of class 



/3 over a fc-scheme S. Then x and y are canonically polarized by Lemma [3. 3[ There 
is a natural morphism of S-schemes C — )■ X x S*. Applying Grothendieck's results 
on the representability of the Hilbert scheme to the graph of any base change of this 
morphism (see, e.g., |K2] . Theorem 1.10), we obtain that the functor Isom g(x, y) 
is representable by a quasi-projective scheme Isom5(a;,|/) over S. To check that 
Isoins{x,y) is unramified, it is enough to check it over an algebraically closed field 
k, where it is automatic since an m-stable map has no infinitesimal automorphisms 
by definition. This gives the first assertion above. 
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We now construct a smooth atlas over Ai^ n(^) P) ^^^ ^ standard argument using 
the Hilbert scheme. We can obviously reduce to the case {X,(3) = (P^,d). Using 
Lemmas |3.4 and 3.5[ the argument is now exactly the same as that in |FP] . Let 



(C, {pj},/i) be any m-stable n-pointed map to P^, and let L and N be as in Lemma 



3.4 Let D = deg(L^) and R = h^C, L") - 1; by Riemann-Roch, R = D - 1. Let 



be the Hilbert scheme of curves of bidegree {D, d) and arithmetic genus one in P^ x P** 



Note that 1-L is of finite type since we have fixed d. By Lemma |3.4[ after choosing 
a basis for H^{C,L'^), any m-stable ra-pointed map fi : {C,pi, . . . ,Pn) — ?■ {P',d) 
corresponds to a point in 

via the morphism {LcN,fi). Define the closed incidence subscheme 

/ C H X (P^ X P")" 



of tuples ([C],pi, . . . ,pn) with pi, . . . ,Pn G C. By Lemma 3.5 and standard results, 
there is open subscheme V C U of {[C],pi, . . . ,pn) satisfying the following: 

(i) The points pi, . . . ,pn lie in the smooth locus of C. 
(ii) The natural projection tti : C — )■ P"^ is a non-degenerate embedding, 
(iii) The natural projection 712 : C —t- P^' is an m-stable n-pointed map. 

Finally, using representability of the Picard functor of the universal curve W — ?► H 
(see, e.g., |MFKj . Proposition 5.1), there is a locally-closed subscheme U C V oi 
{[C],pi, . . . ,Pn) such that the line bundles {oodpi + ... + Pn) ® 7r2(9pr(3))^ and 
7rj['0pfl(l) are isomorphic. Then U is Zariski-locally a PGL^+i-torsor over Ai-^ ni-^^ P) 
(corresponding to the choice of basis of H^{C,L^)), so it is smooth and surjective 
over MT,n{X,l3). D 

Lemma 3.3 (Canonical polarization). For any m-stable map fi : (C, cti, . . . , o"„) — > X 
over a scheme S, the line bundle 

^c/s{(^i + . . . + a„) (g) /U*Cx(3) 
is relatively ample. 

Proof. Given an ?7i-stable map fi : {C,pi, . . . ,pn) -^ X, we need to show that the line 
bundle 

C = iocipi + . . . + Pn) ® /i*Cx(3) 

is ample. Let F C C be any irreducible component. If /i is non-constant on F, then 
oJcipi + . . . + Pn) has degree at least —2 on F and /i*Cx(3) has degree at least 3 on 
F, so £ has positive degree on F. Now suppose /i is constant on F. Then /i*Cx(3) 
has degree on F, so C has positive degree on F if the genus of F is at least two. 
Let TT : C* — )■ C be the normalization, and let F be the proper transform of F. We 
have the following cases: 



ALTERNATE COMPACTIFICATIONS OF THE MODULI SPACE OF GENUS ONE MAPS 17 

• Suppose F has genus one. Then by the stabihty condition F has at least two 
distinguished points, so £ has degree at least 2g — 2 + 2 = 2 on F. 

• Suppose F has genus zero and meets the rest of the curve only nodally (i.e. F 
is not a component of the minimal elliptic subcurve). Then by the stability 
condition F has at least three distinguished points, so C has degree at least 
2^ - 2 + 3 = 1 on F. 

• Suppose F has genus zero and meets the rest of the curve at an elliptic /-fold 
point p for some / < m (i.e. F is a component of the minimal elliptic subcurve). 
Then F has at least one marked point g, so by Lemma 2.2, 7r*(a;c|F) = 
ujp{q + 2r), where r is the unique point on F with 7r(r) = p. Thus, C has 
positive degree on F. 

So LOc is ample on each component F of C, and is thus ample. D 

Lemma 3.4 (Boundedness). Let (C,pi, . . . ,p„,/i) he any m-stable map to {F^,d), 
and define the line bundle 

L := uc{pi + .. . +Pn) ® /i*Cp'-(3). 

Then L^ is very ample on C for any N > n + max(2m, 4). 

Proof. The proof is identical to that in |Slj . D 



Lemma 3.5 (Deformation-openness). Let S be a connected Noetherian scheme. Let 
Ti : C ^f S be any flat family of genus one curves over S with sections cti, . . . , cr^, and 
let n : C -^ X be a morphism. Let /3 G H2{X)~^ . Then the set 

T := {s E S : fis is m-stable of class (3} 

is Zariski-open in S . 

Proof. The class of fi is constant on 5", so it suffices to show that the set 

T := {s G 5* : /ig is an m-stable map} 



is Zariski-open in S. Choose any geometric point x G S{k). By Lemma 3.2, there 
exists an etale neighborhood U^ ^^ S oi x and disjoint unmarked smooth sections 
Wj,k} oi C XsUx such that 

T y. s Ux = {s E Ux : (Cs, {cri{s), cr^^ki^)}) is an m-stable curve}. 

By deformation-openness of m-stable curves ([SI], Lemma 3.10), the morphism 

TxsUx^Ux 

is an open immersion. Hence, setting S' := U^Ux, the induced morphism 

TxsS' ^ S' 

is open, so T ■— )■ S* is open since S" — > S* is fpqc ( |EG AI V2] . Proposition 2.7.1). D 
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3.2. Valuative criterion for properness. Choosing an embedding t : X M- P'' and 
letting d = l^{(5), we easily reduce to the case X = P*" and fi = d. We now prove the 
valuative criterion for properness |LMBj of A^^ n(^'^ ^ ^)'- 

Theorem 3.6 (Properness of M.^^iF'^ ,d)). Let A he the spectrum of a discrete 
valuation ring with algebraically closed residue field k such that charfc ^ 2,3, and let 
f] & A be the generic point. 

(1) (Existence of m-stable limits) If {C,ai, . . . ,an, ^i)\-q is an n-pointed m-stable 
map to P^' over rj, then there exists a finite base-change A' — )■ A and an 
m-stable map (C — )■ A', cr[, . . . , a'^, /i') to P'' such that 

(C , a[, . . . , a'Jlrj' = {C,ai,...,an)U ^vV' 
and 

(C \rf' — !■ C\rj — )■ P'')|j;' = fl' \ri' ■ 

(2) (Uniqueness of m-stable limits) Suppose that {C — )• A, ai, . . . , cr„,/ic) and 
(1) — > A, Ti, . . . , Tn, fi-v) are m-stable maps to (P*^, d). Then any isomorphism 
over the generic fiber 

(C,cri,...,cr„,/ic)|^ = {V,Ti,...,Tn,fiv)\v 

extends to an isomorphism over A: 

(C, (Ti, . . . , Cr„, flc) = (V,Ti,.. . , Tn, fiv)- 

Remark 3.7. Let A^™„(P'',rf) C A^^„(P'',(i) be the open substack of maps of de- 
gree d from smooth n-pointed genus one curves to P*" (from now on we will omit the 
superscript m since these substacks are obviously all isomorphic). Since Ai-^^{F^,d) 
may be reducible, this substack is not necessarily dense. In particular, it does not a 
priori suffice to prove the valuative criterion for families with smooth generic fiber. 



but in Section 3.2.1 we will be able to reduce to this case. This reduction is necessary 



in order to perform nodal reduction and apply Lemma |2.4| in the existence portion of 
the proof of the valuative criterion. 

3.2.1. Reduction to the case of families with smooth generic fiber. 

Reduction (a): Reduce to the case where the generic fiber of C has no disconnecting 
nodes. 

We will need the following obvious observations: 

(1) Let (C, pi, . . . yPnyfJ') be an m-stable map. If Z C C is a connected subcurve 
of arithmetic genus one, then the map 

iz,{znc\z}u{pr.p^ez},^i\z) 

is m-stable. 
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(2) Let (C, pi, . . . ,p„,/i) be an m-stable map. If 5 C C is a smooth rational 
component meeting the rest of C at a disconnecting node, then the map 



{s,{snc\s}u{pr.p^es},|2\s) 

is Kontsevich stable. 
(3) Let {S, {s,pi, . . . ,pj}, /ii) be a Kontsevich stable map from a genus zero curve, 
let {Z, {z,pj+i, . . . ,Pn}, fJ'2) be an m-stable map from a genus one curve, and 
suppose that /ii(s) = fi2{z). Then the identification of s and z along a dis- 
connecting node {S U Z,pi, . . . ,p„, /i) is an m-stable map. 

By restricting A to a suitable neighborhood of 0, we may assume without loss of 
generality that all of the fibers Ct, t ^ 0, have the same number of irreducible com- 
ponents. Let Zt denote the minimal elliptic subcurve of Ct, and let {Si)t, ■ ■ ■ , {SN)t 
be the remaining rational irreducible components. Possibly after finite base-change, 
we may assume that the monodromy around the central fiber acts trivially on the set 
of irreducible components of the generic fiber. We can then write (C, cxi, . . . , cr„,/i)|^ 
as the union of the ?7i-stable map (by observation (1)) 



Z := {Zt, {Zt n Ct\Zt} U {a, : (T,(t) G Zt], fi\z,)t^o 
and Kontsevich stable maps (by observation (2)) 



S, := iiS,)t, {iS,)t n Ct\iS,)t} U {a, : a,(t) G (5,),}, /x|(5,)J*^o 

over T]. Suppose that we can complete Z by a unique m-stable map 

{Zq, {zi} U {o-j : ai(0) G Zq}, /io), 

where cxj denotes the Zariski closure of cxj in the completed family. By properness of 
the Kontsevich space, we can complete each of the Sj by a unique Kontsevich stable 
map 

(('S'i)o, {sj,i} U {ai : ai(0) G {Sj)o},fij). 
Applying observation (3) successively A^ times yields that the map of the union 

{Zq U (6*1)0 U . . . U {Sn)o, 0-1, . . . , d-„, /i) 

is ?7i-stable, and thus gives a unique m-stable completion of the original family 
(C,cri, . . . , o"n,/i)|r,. Hence, it suffices to prove existence and uniqueness of an m- 
stable limit for Z, an ?7i-stable map from a family over 77 of connected arithmetic 
genus one curves with no disconnecting nodes. 

Reduction (b): Reduce to the case where the generic fiber of C is smooth. 

Let 

scMTjr,d) 

denote the open substack of m-stable maps /x : C — ;■ P*" such that Uc — O r, and let S 
denote the closure of S* in A^^ ni^^y ^)- ^y Reduction (a) and Lemma 



2.6 



it suffices to 
show existence and uniqueness of an m-stable limit of a family of maps with generic 
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fiber in S. By the valuative criterion, this is equivalent to showing that the stack S 
is proper. 

We now claim that any map in S is smoothable. Indeed, let /i : C — )■ P*" be a 



map in S, and let L = fi*0{l). By Lemma 5.2, it suffices to show that H^{C, L) = 



or equivalently, by Serre duality and triviality of the dualizing sheaf, H^{C, L^) = 0. 
This is clear: by definition L^ has non-positive degree on any irreducible component 
of C, and strictly negative degree on at least one irreducible component. Any section 
of L^ must be identically zero on that irreducible component and constant on every 
other irreducible component, hence identically zero since C is connected. So any map 
in S is smoothable, as claimed. This gives that A^i ,„(P^', d) is dense in S, hence in 
S. So by the valuative criterion, it suffices to show existence and uniqueness of an 
r/i-stable limit of a family of maps with generic fiber in A^i^„(P'', d). 



3.2.2. Existence of Limits. 

We now follow the general method of proof of the valuative criterion in [Slj . The 
main differences are the following: we need to apply nodal reduction in Step 1, rather 
than semi-stable reduction, in order to obtain a family of maps, and in Step 2, we can 
only contract the minimal elliptic subcurve of the central fiber if the map is constant 
on it, so that the m-stable reduction process may terminate earlier than in [Slj . 

Step 1: Apply nodal reduction to (C,/i)|^. 

By the nodal reduction theorem |HMj . there exists a finite base-change A' — t- A and 
a family of maps 

(C"-^A',a;,...,<,,/i':C'^P'-) 
such that 

(1) (C",cr;,...,0|^/ = (C,(Ji,...,(T„)|^ x^V. 

(2) (C"|,, ^CI^Ap^I^, = /i'|,,. 



(3) C" has nodal central fiber (and smooth generic fiber by (1) and Section 3.2.1). 

(4) C" is smooth. 

Furthermore, we form the "minimal" such reduction by contracting all unmarked P^'s 
on which /x is constant, so that: 

(5) Every rational irreducible component of C" on which /z' is constant has at 
least two distinguished points. 

(Note that smoothness of C" is preserved since we have sequentially contracted (-1)- 
curves.) For notational simplicity, we will continue to denote the base by A and the 
given sections by cxi, . . . , a, 



' n- 



ALTERNATE COMPACTIFICATIONS OF THE MODULI SPACE OF GENUS ONE MAPS 21 

Step 2: Alternate between blowing up the marked points on the minimal elliptic sub- 
curve and contracting the minimal elliptic subcurve. 

Let (Co,/io) := (C",/i'). If /iq is non-constant on Zq, the minimal elliptic subcurve of 
Co, then we only need to stabilize rational components of Cq and proceed immediately 
to Step 3. Now suppose that /io is constant on Zq. Starting from {Co,fio), we will 
construct a sequence (Co, /io), (Ci, yUi ),..., (Cj, /xj) of families of maps to (P'', d) over 
A satisfying the following conditions: 

(i) The special fiber Cj C Cj is a Gorenstein curve of arithmetic genus one. 
(ii) The total space Ct is regular at every node of Cj. 

(iii) The proper transforms of ai, . . . , o"„ on Cj are contained in the smooth locus 
of TTj, so we may consider the central fiber as a map from an n-pointed curve 

{Ci,Pi,...,Pn). 

(iv) Every irreducible component of Cj on which /ij is constant has at least two 
distinguished points for z > 0, and every rational irreducible component of Co 
on which fiQ is constant has at least two distinguished points. 

(v) Ci has an elliptic /j_i point p, where k denotes the level of the central fiber Ci 



(Definition 2.9). 



(vi) k > h-i for i < t. Furthermore, k = Zj_i if and only if each irreducible 
component of Zi has exactly two distinguished points, where Zj is the minimal 
elliptic subcurve of Cj. 

(vii) The map fii is constant on Z^ for i < t and non-constant for i = t. 

Note that these conditions are the same as those in |Slj except for (iv), due to 
the modified m-stability condition, and (vii), since we cannot construct /ij+i unless 
/ij is constant on Zi. It is useful to outline here how each of these conditions is used 
in the proof that follows: 

• Condition (i) implies that Ci has a minimal elliptic subcurve Zi. 

• Conditions (ii) and (iii) imply that Zi and o"i, . . . , o"„ are Cartier divisors on 
C.. 

• Condition (iv) is necessary for the existence of the contractions qi defined 
below, and conditions (iv) and (v) are the properties needed to check that the 
{Ci, iii) eventually become m-stable. 

• Condition (vi) is not strictly necessary for the rest of the proof, but the essen- 
tial content of its derivation is that t, as defined in condition (vii), is finite. 

We construct the Ci via the following diagram of birational morphisms over A 
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which commute with the morphisms to P^. The definitions of the Bi,pi, qi are exactly 
the same as those in [Hi]: given Cj satisfying (i)-(vii) with i < t,we define Pi : Bi ^ Ci 
to be the blow-up of Ci at the points {pj : Pj G Zi}, and define qi : Bi ^ Cj+i to be 
the contraction of Zj, the proper transform of Zi in Bi. The map Hi is constant on 
Zi, hence on Zj, so it induces a map /ij+i : Cj+i — t- P'" of degree d. 

We need to check that the contraction qi exists. Consider the line bundle on Bi 
defined by 

C- ■■= UJB,/^{^i + Cn + • • • + 0-n) ® /i*Cpr-(2). 



This is indeed a line bundle by the above observations. Adjunction and Lemma 2.6 
give 

i^\ y ^ (jJ y ^ \J y . 

An easy verification gives that C has non-negative degree on every irreducible com- 
ponent of Bi by (iv), and that the subcurve E d Bi on which C has degree zero 
is 

E = ZiUF, 

where F is the union of irreducible components of Bi on which yUj is constant which 
are disjoint from Zi and have exactly two distinguished points. Therefore, Lemma 
applied to C gives that Zj U F is a contractible subcurve of the special fiber. 



2.4 



Since Zi is disjoint from F, we may of course contract only Zi] this is the desired 
qi : Bi ^ Cj+i. 

We now need to check that Cj+i satisfes (i)-(vi) if Ci does, and that after finitely 
many steps we achieve (vii). Except for condition (iv), the conditions (i)-(vi) do not 
involve the maps to P^, so their verification is the same as that in |Slj . For condition 
(iv), each exceptional divisor of Pi has two distinguished points, so each irreducible 
component of Bi on which /ij is constant must have at least two distinguished points: 
this follows from assumption (5) in Step 1 for i = 0, and from the assumption of 
condition (iv) on Ci for i > 0. Thus, by definition each irreducible component of 
Cj+i on which /Xj+i is constant must have at least two distinguished points. Finally, 
to check that we achieve (vii) after finitely many steps, write out the fundamental 
decomposition of C^: 

Ci = ZiURiU ...URk. 

By construction, one irreducible component from each subcurve Rj (namely, the ir- 
reducible component which meets Zi) is absorbed into the minimal elliptic subcurve 
Zi^i C C,;_|_i. The map fiQ must be non-constant on some irreducible component of 
Co\Zo since d > 0. Thus, after finitely many steps, fit will be non-constant on some 
component of Zt. 

Step 3: Stabilize to obtain the m-stable limit. 

For each < i < t, let 0j : Cj — )■ C be the stabilization map which contracts all of 
the irreducible components F G Ci such that F has exactly two distinguished points 
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and /ij is constant on F. The contraction 0j exists since each such F is a smooth 
rational curve meeting the rest of the special fiber in one or two nodes and the total 
space Ci is regular around F. The images of the sections 0"i, . . . , cr„ on Cj lie in the 
smooth locus of C, and the map /Xj descends to map /i : C — )■ P^ of degree d since 
/ij is constant on each component contracted by 0j. Thus, the resulting special fiber 
(C, pi, . . . ,p„, /i) is a map to (P*", d) from an n-pointed curve. 

Two situations can arise as we increase i: the map /ij can become non-constant 
on the minimal elliptic subcurve Zi C Ci (denoted above as i = t), in which case the 
process cannot continue since /ij+i cannot be defined, or Zi can have at least m + 1 
distinguished points (denoted z = e), in which case Ce+i would have an elliptic /-fold 
point with / > m. We now show that the above map (C, pi, . . . ,Pn,fJ') is m-stable for 
i = min(t,e), completing the proof of existence. We split into two cases, t — 1 < e 
and t — 1 > e: 

Case 1: k-i < m. 

In this case we take i = t. To show that {C,pi, . . . ,Pn,fJ') is an m-stable map, we 



must verify conditions (l)-(3) of Definition 2.15 



(1) C has only nodes and elliptic I -fold points, I < m, as singularities. By con- 
ditions (i) and (v) above, Ct has only nodes and an elliptic /(_i-fold point as 
singularities, where U-i < m by assumption. The contraction 0t can only 
introduce additional nodes on C. 

(2) Any connected subcurve of C of arithmetic genus one on which /i is constant 
has at least m + 1 distinguished points. Since /i is non-constant on the min- 
imal elliptic subcurve Z C C, no such subcurve exists, so this condition is 
automatic. 

(3) /i has no infinitesimal automorphisms. We of course equivalently check the 
conditions of Lemma 12.141 Let 

Ct = ZtU Ri . . .U Rk 

be the fundamental decomposition of Ct- Since 0t contracts every component 
of i?i U . . . U i?fc with two distinguished points, every component of (j)t{Ri) U 
. . . U (f)t{Rk) has at least three distinguished points. It remains to check the 
condition on irreducible components of (j)t{Zt)- 

If t = 0, then Zt is a smooth genus one curve and there is nothing to check. 
If t > 1, Zt consists of It-i smooth rational branches meeting in an elliptic 
/f_i-fold point, so condition (iv) states that every component of Zt on which /i 
is constant has at least two distinguished points. But by definition (pt maps Zt 
isomorphically onto (piZt), so the same holds for the minimal elliptic subcurve 
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(p{Zt) C C as well. 

Case 2: /j_i > m. 
In this case we define 



e := min{0 < j < t — 1 : Ij > m} 



and take i = e. We again verify conditions (l)-(3) of Definition 2.15 

(1) C has only nodes and elliptic l-fold points, I < m, as singularities. The proof 
is the same as the one in Case 1 by our choice of e. 

(2) Any connected suhcurve of C of arithmetic genus one on which fi is constant 
has at least m + 1 distinguished points. It suffices to check this on the minimal 
elliptic subcurve Z G C. The level of Ce is greater than m by our choice of e, 
and we claim that the level of C is equal to the level of Ce- The verification 
of this is essentially the same as the one in |Slj . Let 

Ce = ZeURiU ...URk 

be the fundamental decomposition of Ce- Order the Ri so that Ri,. - - ,Rj 
consist entirely of irreducible components with two distinguished points and /ig 
is constant on each Ri- We now simply show that under the isomorphism Ze — )• 
(f)e{Ze), each of the intersections of Ze with Ri, - - - ,Rj is replaced by a marked 
point, so that the number of distinguished points remains the same. More 
formally, (pe contracts each oi Ri, - - - ,Rj to a point (and partially contracts 
the other Ri which contain irreducible components on which /Xe is constant), 
so the fundamental decomposition of C is 

C = (j)e{Ze) U 0e(i?,+l) U . . . U 0e(i?fc), 

and thus 



\{UZe) n C\0e(Ze)}| = \{Ze H Ce\Ze}\ -J- 

But each Ri, ..., Rj is a. chain of P^'s whose final component contains a marked 
point, so (f)e{Ri)i - - - ,4'e{Rj) are marked points on the minimal elliptic sub- 
curve (f)e{Ze), and thus 

\{Pi ■- Pi G 0e(2'e)}| = \{Pi ■- Pi e Ze}\ + j- 

Summing the last two equations proves the claim. 

(3) fi has no infinitesimal automorphisms. The same argument as in Case 1 gives 
the condition on irreducible components of (j)e{Ze), and gives that every irre- 
ducible component of (piZe) has at least two distinguished points. Conditions 
(1) and (2) imply that some component of (piZe) must have at least three 
distinguished points. 
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3.2.3. Uniqueness of Limits. 

Let (C — )■ A, (Ti, . . . , (7n,/ic) and (V — > A, ri, . . . , r„,/ix)) be m-stable maps of de- 
gree d to P*" over A, and suppose we have an isomorphism over the generic fiber 

(j) : (C,(Ti,. .. ,(Tn,/ic)|r? = {V,Ti,.. . ,Tn,flv)\'n- 

By Lemma 3.2, there exists an etale neighborhood G A' C A and disjoint unmarked 
smooth sections {<yj,k} and {tj-,^} of C|a' and "PIa'? ^^j^^n + ^, ^^k<d, such 
that 

(C|a', {cri,(Jj,k}) 
and 

i'Dl A', {Ti,Tj,k}) 

are m-stable (n + d{m + l))-pointed curves over A' and sends {cTj^k} to {tj,^}. 
Since the moduh space of m-stable curves is separated, induces an isomorphism of 
m-stable curves 

(C, {ai, aj^k}) -^ (C, {n, Tj^k}) 
over A', hence over A. In particular, this gives an isomorphism of the original n- 
pointed curves 

(C,{a,})^(I?,{r,}) 

over A. We have (/) o fi^jy = fi^ on A since (0 o fix>)\r] = fJ'clrj, so (p is an isomorphism 
of maps over A. 
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Part II. Geometric properties 

From this point on, we only consider the case {X, /3) = (P^', d). 

4. Stabilization 

We observe here that M^^iF^jd) stabilizes ioi m > d + n, and exphcitly describe 
its elements. We will apply this result in Section 6 to prove smoothness of A^^ „(P^, d) 
for d + n < m < 5. 

Lemma 4.1. The spaces Mi^{F'^,d) are equal for all m > d + n. More precisely, 
the elements o/ A^i n{^^\ d.) /o'^ m > d + n are maps yU : C — )■ P*" such that 

(1') C has nodes and elliptic I- fold points, I <d + n, as singularities. 

(2') /i is non-constant on the minimal elliptic subcurve Z d C . 

(3') /i has no infinitesimal automorphisms. 

Proof. Let m > d + n. By definition, any map satisfying (r)-(3') is ?7i-stable, so we 
need to check that r/i-stability implies (!') and (2'). Let /i : C — )■ X be an ?Ti-stable 
map. Suppose p e C is an elliptic /-fold point. Let Ci,...,Ci be the connected 
components of the normalization of C at p, and let Bi C Ci be the irreducible 
component containing p. Since fi has degree d, it must be constant on at least / — d 
of the Bi. By the stability condition, each of the corresponding Ci contains at least 
one marked point. Thus, n > I — d, so I < d + n. This gives (1'). 

To show (2'), suppose that /i is constant on the minimal elliptic subcurve Z (Z C. 
Define i? C C to be the maximal connected genus one subcurve on which /x is constant; 
by assumption, E is non-empty. We then have 



\{EnC\E}\ <d 

and 

\{pi : Pi e E}\ < n, 

so 

|{^ n C\E} U{p,■.p^eE}\<d + n. 

However, m-stability asserts that 



\{E n C\E} U{p,:pieE}\>m>d + n, 
a contradiction. So /i is non-constant on Z, proving (2'). D 

5. Irreducible components 
5.1. The principal component. For any integer m > 0, consider the open substack 

Mi,n(F\d)cMTjr,d) 

of maps whose domain is a smooth n-pointed genus one curve. In contrast with 
the higher genus case, A^i^„(P^,(i) is irreducible [VZlj . and thus its closure is an 
irreducible component of TVI^ „(P'', d). We will call this the principal component of 
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A1]^„(P'", (i). The main result of this section is Lemma 5.6, which gives an exphcit 
description of the principal component in the case n = 0. We will not need an 
analogous description in the case n > 0. Note that Lemma 5.6 was stated in |VZ1] 
in the case of Kontsevich stable genus one maps. 

Definition 5.1. Let C be a curve, and let Ho : C -^ X he a map to a projective 
variety X. Then /iq is said to be smoothable if there exists a one-parameter family 
of pointed curves C — )■ A with smooth generic fiber and central fiber C, and a map 
/i : C — )■ X such that /i|co = Ato- We call (C, /i) a smoothing of /iq. 

The principal component of M^ o(^'^' ^) consists of exactly the smoothable m-stable 
maps. We have the following general criterion for smoothability of maps from curves 
to projective varieties: 

Lemma 5.2. Let C be a smoothable curve, X C P'' a projective variety, and /iq : 
C ^ X a map. Let L = fi^Oxi^), ^'^^ suppose that H^{C,L) = 0. Then /xq is 
smoothable. 

Proof. In fact, we prove that /iq extends to any smoothing C — )■ A of C after suitably 
restricting A. By choosing A suitably, we can extend L to a line bundle £ on C by 
choosing any divisor D on C such that 0{D) = L and extending D over a neighbor- 
hood of 0. We may also choose A so that H^{Cb, Cb) = for all 6 G A. The theorem 
on cohomology and base change then states that the base-change homomorphism 
{'iT^:C)b —7- H^{Cb,Cb) is an isomorphism. In particular, globally generating sections 
ai, . . . , a^ G H^{C, L) extend to globally generating sections of £, and by restricting 
A once more, these sections determine an embedding into projective space. Hence C 
is very ample. 

The map /xq is determined by a basis t of a subspace of sections V C H^{C,L) 
with no common zeroes. Restricting A to a neighborhood over which C is trivial, 
we can extend \^ to a sub- vector bundle V C 7r^,£ of sections of £ with no common 
zeroes, and can extend t to a local frame t of V. The triple (£, V, t) then determines 
a map /x : C — )■ P*" such that /u|y = /io- D 



The next three lemmas will yield one direction of Lemma |5.6 

Lemma 5.3. Let R be a curve of arithmetic genus zero (i.e. a nodal tree ofF^'s), 
and let fiQ : R -^ X be a map to a projective variety X. Let p E R be any smooth 
point. Then 

(a) H^{R,ur{p))=0. 

(b) The map fiQ is smoothable. 

Proof. For part (a), we induct on the number of irreducible components of R. If R 
is irreducible, then degUR^p) = —1 and H^{R,ur{p)) = 0. Now suppose R has c 
components, and assume that the lemma holds for all R with fewer than c components. 
Let S be the unique irreducible component of R containing p, and write 

R = SURiU ...URk 
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with Ri, . . . ,Rk rational trees. Let pi = S H Ri. Then 

so by the inductive hypothesis H^{Ri,ijjji{p)\ji.) = 0, i.e. any section s of u!r{p) must 
vanish on the subcurves Ri, . . . ,Rk. But we also have 

deguMls = -2 + k + l = k-l, 

so since s\s vanishes at the points Pi, ■ ■ ■ ,Pk, s\s must be identically zero. Thus s is 
identically zero. This completes the proof of part (a). 



Part (b) follows immediately from part (a), Lemma |5^ and Serre duality. D 



Lemma 5.4. Let C be a Gorenstein curve of arithmetic genus one, and let Z be the 

minimal elliptic subcurve of C . Let fiQ : C ^ X be a map to a projective variety X, 
and assume that fiQ is non-constant on Z . Then the map fiQ is smoothable. 



Proof. Let L = nlOx{^)- By Lemma 2.7, C is smoothable. So by Lemma 5.2 and 
Serre duality, it suffices to show that 

Write out the fundamental decomposition 

C = ZURiU ...URk 
and let pi = Z H R^. Then 

WcIr, =^RXPi), 

SO by Lemma |5.3[a), any section of ojc must vanish on the Ri. In particular, any 



section s of loc ® L'^ must vanish on the Ri as well. Since no is non-constant on Z, 
we have 

deg{{ujc ® L'')\z) <k, 

so since s\z vanishes at the points pi, . . . ,Pk, s\z must be identically zero. Thus s is 
identically zero. D 

We next specialize to the case where X = P'' and fiQ is m-stable. 

Lemma 5.5. Let C be a Gorenstein curve of arithmetic genus one, and let Z be the 

minimal elliptic subcurve of C . Let fiQ : C ^ F^ be an m-stable map, and assume 
that hq is constant on Z. Let E G C be the maximal connected genus one subcurve on 
which fiQ is constant, and let EnC\E = {qi, . . . ,qi}. Assume that the tangent vectors 
Vi '■= fJ'0*(Tg.C\E) are linearly dependent in T^^(^e){^^)- Then /io is smoothable. 



Proof. By Lemma 2.7[ Z is smoothable. Therefore, since /iq is constant on Z, we 



can reduce to the case where Z is a smooth genus one curve. The curve C is now 
nodal and of compact type, so the lemma follows from a standard argument using 
the theory of limit linear series (see also |VZlj ). D 

We can now describe the elements of the principal component of A^ ^ q (P*" , d) : 
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Lemma 5.6. An m-stable map fio : C ^ F^ is smoothable if and only if one of the 
following two conditions holds: 

(1) /io is non-constant on the minimal elliptic suhcurve of C. 

(2) Assume no is constant on the minimal elliptic suhcurve of C , let E d C he 
the maximal connected genus one suhcurve on which /iq is constant, and let 
E n C\E = {qi, . . . ,qi}. Then the tangent vectors Vi := fiQ^(Tq^C\E) are 
linearly dependent in T^q(£;)(P^). 



Proof. Lemmas |5.4| and |5.5| prove one direction. For the other direction, the argument 
is the same as that in ^ Lemma 5.9]. Let (C,fi) be a smoothing of /io, and suppose 
that Hq is constant on the minimal eUiptic subcurve of C and that the vectors Wi : = 
Tq.C\E are hnearly independent. The map /i factors through the family C formed 
by contracting E; however, by our assumption, the central fiber of C has arithmetic 
genus zero while its generic fiber is smooth of genus one, a contradiction. So the Wi 
must be linearly dependent, and hence the Vi = fi*{wi) must be dependent as well. D 

5.2. The remaining components. In this section, we explicitly describe the re- 
maining irreducible components of the spaces Ai-^ „(IP"^; d). In the classical case m = 0, 
this recovers known results on Kontsevich's space M.i n(P'', d) (see, e.g., |VZ2t Section 

L2]). 

5.2.1. The case n = 0. Let d = di + . . . + dj. he any partition of d into unordered 
positive integers. Define 

U,,_,,cMT,oi^^,d) 
to be the locus of maps /i : C — ;■ P'' such that: 

(1) C is a smooth genus one curve Z with k nodally attached P^'s Ri, . . . ,Rk- 

(2) fi\z is constant (i.e. has degree 0) and ^\r. is a general map of degree di from 
P^ to P^ 

(3) The tangent vectors to the curves ^{Ri) , . . . , fi{Rk) at the point ^{Z) are 
linearly independent in T^(^)P''. 

We claim that Udi,...,d^. is irreducible. Consider the map 

given by (C, /i) t-)- (Z, Z fl i?i, . . . , Z fl Rk). Each fiber of this map is an open subset 
of the fiber product 

W 7Wo,l(P^c^,) 

l<i<k 

over the evaluation map to P^, and is thus irreducible, so Ud^,...,d^. is irreducible. 

Let Sdi,...,d,, be the closure of Ud^^...^^. in M.^ q{¥'^ ^ d) . Let Sq be the principal 
component of M-i o(P^, d). We then have: 

Theorem 5.7. For any positive integers r and d and m > 0, the irreducihle compo- 
nents of M.^ o(^''' ^) ^'^^ '^o (ind the Sdi,...,d^. with m -\- 1 < k < min(r, d). 
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In order to prove Theorem 5.7, we need the following preliminary lemma: 



Lemma 5.8. Let C be a Gorenstein curve of arithmetic genus one, and let Z he the 
minimal elliptic subcurve of C . Let fiQ : C ^ X be a map to a projective variety X, 
and assume that /iq is constant on Z . Then there exists a family of maps 

c = z u 7^l u . . . u 7^fc ^^ x 



A 
with central fiber (C, /xq) and generic fiber of the form 

Zr,USiU ...U Sk 

with Zn a smooth genus one curve, Si = F^ for all i, and fi\z constant. 

Proof. Let 

C = ZURiU...URk 
be the fundamental decomposition of C, and let Pi = Z (1 Ri. For each I < i < k, 
apply Lemma [sTsj ^b) to /xol/Ji to obtain a family of maps 



A, 

with generic fiber P^ and central fiber Ri such that /iil/j^ = /^oliJi, and let Tj be a 
section of TZi through pi. Let tt : 2 — t- Aq be a smoothing of the curve Z, which 



exists by Lemma |2.7[ and let ai be a section of Z through pi for each i. We may 
assume that Aq and all of the A, are equal after restriction to a suitable neighborhood 
A. Let /i^ : -Z — >■ X be the map which is constant on each fiber Zt of Z with value 
Ti{t); precisely, fJ^z = f^i ° ^i ° tt. Then the nodal identification of the sections ai and 
Ti yields the desired domain C := Z U TZi U . . . U TZk, and by definition the maps fiz 
and /ij patch together to a map fi : C -^ X constant on Z. D 



Proof of Theorem 5_/7_. We first claim that f/di,...,^*, is open (possibly empty) in Ai^ o(^^' '^) 
for any partition of d. Suppose f/di,...,^^, is non-empty, and consider a family of maps 

fi-.C^F'' 

such that the central fiber /iq : C — )■ P'" lies in Udj^^,„^dk- Let fir, : Cn -^ P^' denote the 
generic fiber. By conditions (2) and (3) and Lemma 5.6, /io is not smoothable. So by 
condition (1), C^ must be an elliptic curve Z with / nodally attached P^'s Qi, . . . ,Qi 
for some I. Each Qi must specialize to an Rj on which the map has the same degree, 
so I = k and /i^ has degree di on Qi. Thus, /i,, satisfies conditions (1) and (2). 
Assuming conditions (1) and (2), condition (3) is open, so fi^j satisfies condition (3) 
as well. Hence, Udj^^,„^dk is open. 
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By definition, Ud^^,,,^dk is empty for k > d^hj condition (3), Ud^^„,^dk is empty for 
k > r; and by the stability condition, Udi,...,d^ is empty for k < m. It is clear that 
the remaining Ud^^...^^, are non-empty. So for m + 1 < k < min(r, c?), Sdj^,...,dt is an 
irreducible component of A^j^ o(^^' ^)- 

We next verify that the components 5*0, 5"^^,...,^^. are distinct. If two components 
Sdi,...,dk ^^d Sei,...,ei coincided, we could find a family of general elements of 5'^^,...,^^, 
specializing to a general element of S'ei,...,er As above, this would imply that k = I and 



di = Ci for all i. By conditions (2) and (3) and Lemma 5.6, none of the components 
Sdi,...4k c^^ coincide with Sq. 

We now show that every element /i : C — t- P^' of A^ ^ q (P*" , d) lies in at least one of 
the above components. Let C = Z U RiU . . . U Rk he the fundamental decomposition 
of the domain curve. If either /i is non-constant on Z, or /i is constant on Z and 



k > r, then fi lies in Sq by Lemma 5.6 Suppose that jj, contracts Z and k < r. Define 



Vd, ,dj. 



11. 



to be the locus of maps /i : C — t- P^' satisfying only conditions (1) and (2) above. Note 



that t/di,...,dj. is dense in Vdi,,..,dj.. Then by Lemma 5.8, // is the limit of a family of maps 



in some Vdi,...,^;., hence of a family of maps in f/rf^,..,,^^, and thus lies in 5'^^,.,.,^^.. □ 

5.2.2. The case n > 0. Let d = di + . . . + d^ he any partition of d into unordered 
positive integers, and let < j < n be an integer. Define 

Ud,,...,d,,cMTA^^,d) 

to be the locus of n-pointed m-stable maps /x : C — )■ P*" satisfying conditions (l)-(3) 
in the prevous subsection, together with the additional condition that 

(4) j of the marked points lie on Z. 
There are (") ways to choose which marked points lie on Z, and A;"^-' ways to distrib- 
ute the remaining marked points among the P^'s Ri, . . . ,Rk- Denote the resulting 
(")/c""-' open subsets of Ud^,...4,,,j by 



Mi,...,dfcj>, 

The same argument as in the case n = gives that each Udj,...^dk,j,a is irreducible. 
However, unlike the case n = 0, the Ud^,... 4^,3,0- need not be distinct: indeed, if two of 
the di are equal, permuting the marked points on corresponding Ri does not change 
the map. 

Let Sdi,...,df.,j,a he the closure of Udi,...,d^,j,a in A^i„(P^,(i). Let Sq he the principal 
component of M-i „(P^, d). We then have: 

Theorem 5.9. For any positive integers r and d, n > 0, and m > 0, the irreducible 
components 0/ A^^^ „(P'", d), possibly with repetitions, are So and the Sdi,...,dk,j,a with 
m + 1 < k + j and k < min(r, d) . 
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Proof. By definition, Ud^^„,^dk is empty for k > d]hy condition (3), Ud-^^,„^dk is empty 
for k > r; and by the stability condition, f/di,...,dj.j is empty for k + j < m. It is clear 
that the remaining Udj^^...,dk,j,a are non-empty. The remainder of the proof is the same 
as that of Theorem 15.71 D 

Corollary 5.10. Form > min(r, rf) +n, A^-,^ „(P^, d) is irreducible. 

6. Smoothness 

In |S2j . Smyth (indirectly) analyzes the deformation theory of elliptic m-fold 
points, and proves the following result: 

Lemma 6.1. Let C be a curve, and let p & C be an elliptic m-fold point. Then the 
miniversal deformation space Def(p) = Dei{Oc,p) is smooth if and only if m < 5. 

Corollary 6.2. A^i,n(^™) is smooth if and only if m < 5. At any point [C] such that 
C has an elliptic I -fold point p with I > 5, the stack M.in{m) is etale locally a smooth 
fibration over the miniversal deformation space of p. 

Proof. For any complete, reduced, pointed curve {C,pi, . . . ,Pn) of finite type over 
an algebraically closed field k and point p G C, it is well-known that the map of 
miniversal deformation spaces 

Def(C) ^ Def(p) 

is smooth, and it is clear that 

Def(C,pi,...,p„)^Def(C) 

is smooth since the marked points pi, . . . ,p„ are smooth. The statement immediately 
follows. n 



By Corollary 5.10 , the stack Ai^ n(^^) ^) is irreducible for m > min(r, (i)+n. While 



this stack may be singular in general, we can say more in the "limit" m > d + n (see 



Lemma 4.1): 



Theorem 6.3. The stack Ai^ ^ (P*", d) is smooth if d -\- n < 5. 

Proof. Suppose d -\- n < 5, and let /i : C — )■ P*" be an {d + n)-stable map. We can 
obviously reduce to the case n = since the marked points are smooth. To show that 
M.iQ{F^,d) is smooth at [/x], it suffices to show that the obstruction space Obs(/i) 
vanishes. Let OhsR{fi) denote the obstruction space for rigid deformations of /i; that 
is, deformations of /i which leave both C and X fixed. Consider the end of the 
tangent-obstruction exact sequence 

OhsniiJ,) -^ Obs(/i) -> Obs(C) -> 0. 



Since d+n < 5, Lemma 6.1 gives Obs(C) = 0, so it suffices to show that OhsR{fj,) = 0. 
It is well-known that Obs/j(yu) = H^{C,fi*Tpr). Pulling back the Euler sequence on 
P^ via n and taking cohomology yields a surjection 
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By Lemma 4.1, /i is non-constant on the minimal elliptic subcurve of C, and thus 



H^ {C , fi* Opr (1)) = by the proof of Lemma 5.4, So Obsij(/i) = 0, and thus Obs(/i) 



0. D 

7. An EXAMPLE: PLANE CUBICS 

The spaces A4]^ o(^^; 3) give an illuminating illustration of how the spaces A^^ n(^5 /^) 
"evolve" as m increases. We describe these spaces in this section, starting with the 
classical case m = 0, which is one of the well-understood Kontsevich spaces in genus 
greater than zero. 

m = 0. (Figure |0]) We recount some well-known facts about the Kontsevich space 
A^i,o(IP^5 3). The space M.ifi(f''^,3) has three irreducible components 5*0, 5*1, 5*2 of 
dimensions 9, 10, 9 which are the closures of the following loci Uq, f/i, f/2: 

(Uq) Maps /i : Z ^ P^ from a smooth genus one curve with image a smooth plane 

cubic, 
(Ui) Maps /i : Z U i? — )■ P^ from a smooth genus one curve with a rational tail such 

that n{Z) is a point and fi{R) is a nodal plane cubic through that point, 
{U2) Maps /i : Z U i?i U i?2 ~^ P^ from a smooth genus one curve with two rational 
tails such that fJ,{Z) is a point and fi{Ri) and fJ,{R2) are a plane conic and a 
line meeting transversely at that point. 
We verify the dimensions of these components by determining the dimensions of the 
Ui. The first "principal" component has dimension 9 since Uq is isomorphic to the 
open subset in P^ of smooth plane cubics. For Ui, there is a 1-dimensional space of 
smooth genus one curves with one marked point (dim A1 1^1 = 1), an 8-dimensional 
family of nodal plane cubics, and a 1-dimensional space of possible images of Z, for 
a total of 10 dimensions. For f/2, there is a 2-dimensional space of smooth genus one 
curves with two marked points (dim A^i 2 = 2), a 5-dimensional space of plane conies, 
and a 2-dimensional space of plane lines (and a 0-dimensional space of possible images 
of Z, namely 2 points), for a total of 9 dimensions. 

We will now describe the generic element of the intersections So n 5*1 and 6*0 fl 6*2, 
the loci which will be modified at the stages m = 1 and m = 2, respectively. Consider 
a family of maps in A^^ o(^^) 3) 

C^i^p2 



A 

with generic fiber in Uq and central fiber of the form Cq = Z U R such that /xq is 
constant on Z and has degree 3 on R. Let /i be given by sections of a line bundle £ 
on C. Observe that h^{C\ct) jumps at t = 0: indeed, by Riemann-Roch, h°{C\c^) = 3 
but /i°(£|co) = 4. Extend the space of sections of C\c\Co to a 3-dimensional subspace 
V C /i°(£|co)- Then we claim that the map fj,o : Cq ^ P^ associated to the pair 
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(>C|co, V) has cuspidal image. Indeed, let L' be a line bundle on Cq with degree 3 on 
Z and degree on R, and let V = H^{Co,C'). Then one trivially checks that the 
vanishing sequence oi V at p := Z n R is given by (0, 1, 3). By the basic theory of 
limit linear series |HM] . the vanishing sequence of V must then be at least (0,2,3), 
so any regular function on ^q{Cq) vanishing at ^o{p) must also have vanishing first 
derivative. This precisely means that yUo(p) is a cusp of /io(C'o), as claimed. 

Conversely, any such /io : ■Z' U i? — )■ P^ is smoothable. To see this, let C — )■ A be 
a general pencil of plane cubic curves with smooth generic fiber and cuspidal central 
fiber. Let q = fio{p)- Partial stable reduction of C gives a rational map 



/i 



C-->C' 



where C is a family of genus one curves with smooth generic fiber and central fiber of 
the form ZUR with Z a smooth genus one curve, R a rational tail, and ZCiR = fio{p). 
By choosing the pencil C suitably, we can ensure that Z has the same j-invariant as Z. 
Furthermore, the map /i is in fact regular: its only possible points of indeterminancy 
are the centers of blow-ups which lie on Z away from /io(p), and since ^{Z) is a point, 
/i must be regular. By construction /i|c = /xq, so yU is the desired smoothing. 

Thus, the generic element of 5*0 fl Si is of the form /io above: that is, a map 
yU : Z U -R — )■ P^ from a smooth genus one curve with a rational tail such that fi{Z) 
is a point and fi{R) is a plane cubic with a cusp at that point. Similarly, one can 
check that the generic element of 5*0 fl 5*2 is a map fi : Z U RiU R2 —^ ^"^ from a 
smooth genus one curve with two rational tails such that f^{Z) is a point and /i(-Ri) 
and /^(-R2) are a plane conic and a line intersecting at a tacnode at that point. 

Finally, there is one more subset of A1i,o(P^, 3) which will be modified at the stage 
m = 3. Let To denote the locus of maps /i : Z U -Ri U -R2 U -R3 — )■ P^ from a smooth 
genus one curve with three rational tails such that /i(2') is a point and fi{Ri), ^{R2), 
and //(-Rs) are lines meeting at a planar triple point. T his d oes not define another 



irreducible component of A^]^q(P , 3): indeed, by Lemma 5.5, Tq C Sq. 



m = 1. (Figure 1) The space A^^q(P^,3) has two irreducible components, Sq and 



5*2, the closures of Uq and U2 defined exactly as in the case m = 0. The subset f/i 
has been entirely removed since 1-stability requires that Z have at least 2 distin- 
guished points. The generic element of the intersection So fl Si is replaced by its 



1-stable reduction. This contracts Z to a cuspidal point by Lemma 2.4, so the result 



ing maps are isomorphisms from a cuspidal genus one curve to a cuspidal plane cubic. 

I I 2 

m = 2. (Figure 2) The space A^]^q(P^,3) is irreducible. Similarly to the case m = 1, 
the subset U2 has been removed, and the generic element of the intersection Sq fl 6*2 
is replaced by its 2-stable reduction, an isomorphism from two P^'s intersecting at a 
tacnode to a plane conic and a line intersecting at a tacnode. 
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m = 3. (Figure 3) The space Al^ o(^^' 3) is irreducible and smooth, and is not isomor- 
phic to J^i o(^^) 3). Indeed, each element of Ti is replaced by its 3-stable reduction. 
The resulting maps are isomorphisms from three P^'s intersecting at a planar triple 
point to three lines in P^ intersecting at a planar triple point. 



36 



MICHAEL VISCARDI 




)-< 




n 


\ 




Figure 0. A^i,o(IP^) 3). The top row depicts the generic element of the 
irreducible components 5*1, 5*0, 5*2. The bottom left and bottom right 
depict the generic elements of 5*0 fl 5*1 and 5*0 fl 5*2. The bottom middle 
depicts elements of the locus Tq C 5*0. 




Figure 1. A^j^q(P^,3). The top row depicts the generic element of 
the irreducible components So, 32- The bottom left and bottom right 
depict the 1-stable replacement of the generic element of 5*0 fl 5*1 and 
the generic element of 5*0 fl 5*2. The bottom middle depicts elements of 
the locus To C 5*0. 
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2 

Figure 2. Ai^ o(^^' 3)- The top row depicts the generic element of the 
irreducible component 5*0. The bottom left and bottom right depict the 
2-stable replacements of the generic elements of 5*0 fl 5*1 and Sq H 82- 
The bottom middle depicts elements of the locus Tq G Sq. 
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Figure 3. A^^^ o(^^' 3). The top row depicts the generic element of the 
irreducible component So- The bottom left and bottom right depict the 
3-stable replacements of the generic elements of Sq fl 5*1 and So H 82- 
The bottom middle depicts the 3-stable replacements of elements of the 
locus To C 5*0. 
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